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Abstract
A uniﬁed constructive method is given to establish the local exact boundary controllability for one-dimensional
quasilinear wave equations with boundary conditions of different types.
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1. Introduction and main results
There are many publications concerning the exact boundary controllability for linear wave equations
(see [10,11] and the references therein). Moreover, some results on the exact boundary controllability for
semilinear wave equations can be found in [13,14,1], etc. However, even in the one-space-dimensional
case, only a few results are known for quasilinear wave equations.
Consider the following quasilinear wave equation:
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where K = K(u, v) is a given C2 function of u and v, such that
Kv(u, v)> 0 (1.2)
and F = F(u, v,w) is a given C1 function of u, v and w, satisfying
F(0, 0, 0) = 0. (1.3)
Without loss of generality, we may assume that
K(0, 0) = 0. (1.4)
On one end x = 0, we prescribe any one of the following boundary conditions:
u = h(t) (Dirichlet type), (1.5.1)
ux = h(t) (Neumann type), (1.5.2)
ux − u = h(t) (the third type) (1.5.3)
or
ux − ¯ut = h(t) (the dissipative type), (1.5.4)
where  and ¯ are given positive constants, h(t) is a C2 function (in case (1.5.1)) or a C1 function (in
cases (1.5.2)–(1.5.4)).
Similarly, on another end x = 1, the boundary condition is
u = h¯(t) (Dirichlet type), (1.6.1)
ux = h¯(t) (Neumann type), (1.6.2)
ux + u = h¯(t) (the third type) (1.6.3)
or
ux + ¯ut = h¯(t) (the dissipative type), (1.6.4)
where  and ¯ are given positive constants, h¯(t) is a C2 function (in case (1.6.1)) or a C1 function (in
cases (1.6.2)–(1.6.4)).
In the case that K and F in Eq. (1.1) are independent of u, if on one end, say, on x = 0, the boundary
condition is of Dirichlet type, by means of the theory on the semi-global C1 solution and the local exact
boundary controllability for quasilinear hyperbolic systems without zero eigenvalues, Li and Rao [3]
established the corresponding local exact boundary controllability with the boundary control h¯(t) acting
on another end x=1; while, if on x=0, the boundary condition is of the third type, by means of the theory
on the semi-global C1 solution and the local exact boundary controllability for quasilinear hyperbolic
systems without zero eigenvalues together with a kind of nonlocal boundary conditions, Li and Xu [6]
obtained the corresponding local exact boundary controllability with the boundary control h¯(t) acting on
another end x = 1. However, the method used in [3] and [6] can not be applied to the following cases:
(1) K and F in Eq. (1.1) depend explicitly on u; (2) the boundary condition on x = 0 is of Neumann type
or of the dissipative type; (3) boundary controls are simultaneously given on both ends x = 0 and 1.
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In this talk, we will present a uniﬁed constructive method to get the local exact boundary controllability
with boundary controls acting on one end or on two ends for the quasilinear wave Eq. (1.1) with boundary
conditions (1.5) and (1.6) of various types. The main results are the following two theorems (joint work
withYu, cf. [9]).
Theorem 1. (Exact boundary controllability with boundary controls acting on two ends). Let
T >
1√
Kv(0, 0)
. (1.7)
For any given initial data (,) and ﬁnal data (,) with small norms ‖(,)‖C2[0,1]×C1[0,1] and
‖(,)‖C2[0,1]×C1[0,1], there exist boundary controls h(t) and h¯(t) with small norms ‖h‖C2[0,T ] and
‖h¯‖C2[0,T ] (for (1.5.1) and (1.6.1)) or with small norms ‖h‖C1[0,T ] and ‖h¯‖C1[0,T ] (for (1.5.2)–(1.5.4)
and (1.6.2)–(1.6.4)), such that the mixed initial-boundary value problem for Eq. (1.1) with the initial
condition
t = 0 : u = (x), ut = (x), 0x1, (1.8)
one of the boundary conditions (1.5) on x = 0 and one of the boundary conditions (1.6) on x = 1 admits
a unique C2 solution u = u(t, x) with small C2 norm on the domain
R(T ) = {(t, x)|0 tT , 0x1}, (1.9)
which exactly satisﬁes the ﬁnal condition
t = T : u = (x), ut =(x), 0x1. (1.10)
Theorem 2. (Exact boundary controllability with boundary control acting on one end). Let
T >
2√
Kv(0, 0)
. (1.11)
Suppose that
¯ = 1√
Kv(0, 0)
, (1.12)
where ¯ is given in (1.5.4). For any given initial data (,) and ﬁnal data (,) with small norms
‖(,)‖C2[0,1]×C1[0,1] and‖(,)‖C2[0,1]×C1[0,1] andanygiven functionh(t)with small norm‖h‖C2[0,T ]
(in case (1.5.1)) or with small norm ‖h‖C1[0,T ] (in cases (1.5.2)–(1.5.4)), such that the conditions of C2
compatibility are satisﬁed at the points (0, 0) and (T , 0), respectively, there exists a boundary control
h¯(t) with small norm ‖h¯‖C2[0,T ] (in case (1.6.1)) or with small norm ‖h¯‖C1[0,T ] (in cases (1.6.2)–(1.6.4)),
such that the mixed initial-boundary value problem for Eq. (1.1) with the initial condition (1.8), one of
the boundary conditions (1.5) on x =0 and one of the boundary conditions (1.6) on x =1 admits a unique
C2 solution u = u(t, x) with small C2 norm on the domain R(T ) = {(t, x)|0 tT , 0x1}, which
exactly satisﬁes the ﬁnal condition (1.10).
Remark 1. ComparingwithTheorem1, only one boundary control acting on one end is asked inTheorem
2, however, the exact controllability time is doubled.
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Remark 2. The exact controllability time given in Theorems 1 or 2 is optimal.
Remark 3. The boundary controls given in Theorems 1 or 2 are not unique.
2. Reduction of the proof
Themain idea of our constructivemethod for getting the exact boundary controllabilitywill be presented
by the following two lemmas:
In order to prove Theorem 1 it sufﬁces to prove the following:
Lemma 3. Let T > 0 be deﬁned by (1.7).For any given initial data (,) and ﬁnal data (,)with small
norms ‖(,)‖C2[0,1]×C1[0,1] and ‖(,)‖C2[0,1]×C1[0,1], the quasilinear wave equation (1.1) admits a
C2 solution u = u(t, x) with small C2 norm on the domain R(T ) = {(t, x)|0 tT , 0x1}, which
satisﬁes simultaneously the initial condition (1.8) and the ﬁnal condition (1.10).
In fact, substituting the C2 solution u = u(t, x) given by Lemma 3 into the boundary conditions (1.5)
and (1.6), we get immediately the boundary controls
h(t) =
⎧⎪⎨
⎪⎩
u|x=0,
ux |x=0,
(ux − u)|x=0,
or (ux − ¯ut )|x=0
(2.1)
and
h¯(t) =
⎧⎪⎨
⎪⎩
u|x=1,
ux |x=1,
(ux + u)|x=1,
or (ux + ¯ut )|x=1.
(2.2)
Then u = u(t, x) is just the C2 solution to the mixed initial-boundary value problem for Eq. (1.1) with
the initial condition (1.8) and the corresponding boundary conditions (1.5) and (1.6), which veriﬁes the
ﬁnal condition (1.10).
Similarly, in order to get Theorem 2, it sufﬁces to prove the following:
Lemma 4. Let T > 0 be deﬁned by (1.11). Under the assumptions of Theorem 2, the quasilinear wave
equation (1.1) with the boundary condition (1.5) on x = 0 admits a C2 solution u=u(t, x) with small C2
norm on the domain R(T ) = {(t, x)|0 tT , 0x1}, which satisﬁes the initial condition (1.8) and
the ﬁnal condition (1.10).
In this case, substituting the C2 solution u = u(t, x) given by Lemma 4 into the boundary condition
(1.6), the control h¯(t) on x = 1 will be still given by (2.2).
To construct a C2 solution asked by Lemmas 3 or 4 is a non-standard problem. As we will see in
what follows, there is no uniqueness, however, we can solve it in a well-posed way, namely, the whole
procedure of resolution is based only on solving several well-posed problems (cf. [3–5,8]).
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3. Semi-global C2 solution to quasilinear wave equations
Since the hyperbolic wave has a ﬁnite speed of propagation, the exact boundary controllability for
the quasilinear wave equation requires that the controllability time T must be suitably large so that
two maximum determinate domains associated with the initial data and the ﬁnal data, respectively, are
separated. Hence, in order to get the exact boundary controllability, we should ﬁrst prove the existence
and uniqueness of the semi-global C2 solution, namely, the C2 solution on the time interval 0 tT0,
where T0 > 0 is a preassigned and possibly quite large number.
In order to get, in a uniﬁed way, the existence and uniqueness of the semi-global C2 solution to one-
dimensional quasilinear wave equations with boundary conditions of various types, the best way is to
reduce the equation to a ﬁrst-order quasilinear hyperbolic system.
Setting
v = u
x
, w = u
t
, (3.1)
Eq. (1.1) can be reduced to the following ﬁrst-order quasilinear system
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
u
t
= w,
v
t
− w
x
= 0,
w
t
− Kv(u, v)v
x
= F(u, v,w) + Ku(u, v)vF˜ (u, v,w),
(3.2)
where F˜ (u, v,w) is still a C1 function of u, v and w, satisfying
F˜ (0, 0, 0) = 0. (3.3)
Noting (1.2), (3.2) is a strictly hyperbolic system with three distinct real eigenvalues i(i = 1, 2, 3):
1 = −< 2 = 0< 3 = , (3.4)
in which
=√Kv(u, v). (3.5)
By means of the theory on the existence and uniqueness of semi-global C1 solution to general ﬁrst-order
quasilinear hyperbolic systems with zero eigenvalues (see [12,2]), for the forward mixed initial-boundary
value problem of quasilinear wave equation (1.1) with boundary conditions (1.5) and (1.6) of various
types on x = 0 and 1, respectively, and the initial condition (1.8), it is easy to get the following:
Lemma 5. Suppose that the conditions of C2 compatibility are satisﬁed at the points (0, 0) and (0, 1),
respectively. For a given T0 > 0, the forward mixed initial-boundary value problem (1.1), (1.5)–(1.6)
and (1.8) admits a unique semi-global C2 solution u = u(t, x) with small C2 norm on the domain
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R(T0) = {(t, x)|0 tT0, 0x1}, provided that the norm ‖(,)‖C2[0,1]×C1[0,1] and ‖h‖C2[0,T0],
‖h¯‖C2[0,T0] (for (1.5.1) and (1.6.1)) or ‖h‖C1[0,T0], ‖h¯‖C1[0,T0] (for (1.5.2)–(1.5.4) and (1.6.2)–(1.6.4))
are small enough (depending on T0).
Similar results can be obtained for the backward mixed initial-boundary value problem.
4. Proof of Lemmas 3 and 4
We now give the main steps of the proof of Lemma 3. The proof of Lemma 4 is similar.
Proof of Lemma 3. By (1.7), there exists an ε0 > 0 so small that
T > max|u|+|v|ε0
1√
Kv(u, v)
. (4.1)
Let
T1 = 12 max|u|+|v|ε0
1√
Kv(u, v)
. (4.2)
We divide the proof into several steps.
(i) We ﬁrst consider the following forward mixed initial-boundary value problem of Eq. (1.1) with the
given initial condition (1.8) and the artiﬁcial Dirichlet boundary conditions
x = 0: u = f0(t), (4.3)
x = 1: u = f1(t), (4.4)
where f0 and f1 are any given C2 functions of t with small C2[0, T1] norm, such that the conditions of
C2 compatibility are satisﬁed at the points (0, 0) and (0, 1) respectively. By Lemma 5, on the domain
{(t, x)|0 tT1, 0x1} (4.5)
there exists a unique semi-global C2 solution u = u(1)(t, x) with small C2 norm and, in particular,
|u(1)(t, x)| +
∣∣∣∣∣
u(1)
x
(t, x)
∣∣∣∣∣ ε0. (4.6)
Thus, we can determine the corresponding value of (u(1)(t, x), u
(1)
x (t, x)) on x = 12 as
x = 12 : (u, ux) = (a(t), a¯(t)), 0 tT1, (4.7)
the C2[0, T1] norm of a(t) and the C1[0, T1] norm of a¯(t) are small.
(ii) Similarly, we consider the following backward mixed initial-boundary value problem of Eq. (1.1)
with the given ﬁnal condition (1.10) and the artiﬁcial Dirichlet boundary conditions
x = 0: u = g0(t), (4.8)
x = 1: u = g1(t), (4.9)
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where g0 and g1 are any given C2 functions of t with small C2[T −T1, T ] norm, such that the conditions
of C2 compatibility are satisﬁed at the points (T , 0) and (T , 1) respectively. By Lemma 5, on the domain
{(t, x)|T − T1 tT , 0x1} (4.10)
there exists a unique semi-global C2 solution u = u(2)(t, x) with small C2 norm and, in particular,
|u(2)(t, x)| +
∣∣∣∣∣
u(2)
x
(t, x)
∣∣∣∣∣ ε0. (4.11)
Thus, we can determine the corresponding value of (u(2)(t, x), u
(2)
x (t, x)) on x = 12 as
x = 12 : (u, ux) = (b(t), b¯(t)), T − T1 tT , (4.12)
the C2[T − T1, T ] norm of b(t) and the C1[T − T1, T ] norm of b¯(t) are small.
(iii) We can ﬁnd c(t) ∈ C2[0, T ] with small C2 norm and c¯(t) ∈ C1[0, T ] with small C1 norm, such
that
(c(t), c¯(t)) =
{
(a(t), a¯(t)), 0 tT1,
(b(t), b¯(t)), T − T1 tT . (4.13)
Noting (1.2), we now change the order of t and x, and on the domain
Rl(T ) = {(t, x)|0 tT , 0x 12 } (4.14)
we consider the following leftward mixed initial-boundary value problem of Eq. (1.1) with the initial
condition
x = 12 : u = c(t), ux = c¯(t), 0 tT (4.15)
and the given Dirichlet boundary conditions
t = 0: u = (x), 0x 12 , (4.16)
t = T : u = (x), 0x 12 , (4.17)
where (x) and (x) are given by (1.8) and (1.10), respectively.
Obviously, the corresponding conditions of C2 compatibility are satisﬁed at the points (0, 12 ) and
(T , 12 ), respectively. Hence, still by Lemma 5, there exists a unique semi-global C
2 solution u = ul(t, x)
with small C2 norm on the domain Rl(T ) and
|ul(t, x)| +
∣∣∣∣ulx (t, x)
∣∣∣∣ ε0 on Rl(T ). (4.18)
(iv) Similarly, the rightwardmixed initial-boundary value problem of Eq. (1.1) with the initial condition
(4.15) and the given Dirichlet boundary conditions
t = 0: u = (x), 12x1, (4.19)
t = T : u = (x), 12x1 (4.20)
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admits a unique semi-global C2 solution u = ur(t, x) with small C2 norm on the domain
Rr(T ) = {(t, x)|0 tT , 12x1} (4.21)
and
|ur(t, x)| +
∣∣∣∣urx (t, x)
∣∣∣∣ ε0 on Rr(T ). (4.22)
(v) Let
u(t, x) =
{
ul(t, x), (t, x) ∈ Rl(T ),
ur(t, x), (t, x) ∈ Rr(T ). (4.23)
Obviously, u = u(t, x) is a C2 solution to Eq. (1.1) with small C2 norm on the whole domain R(T ). In
order to prove that u = u(t, x) satisﬁes simultaneously the initial condition (1.8) and the ﬁnal condition
(1.10), it sufﬁces to prove
t = 0: ut = (x), 0x1, (4.24)
t = T : ut =(x), 0x1. (4.25)
In fact, the C2 solutions u = ul(t, x) [resp. u = ur(t, x)] and u = u(1)(t, x) satisfy simultaneously Eq.
(1.1), the initial condition
x = 12 : u = a(t), ux = a¯(t), 0 tT1 (4.26)
and the boundary condition (4.16) [resp. (4.19)]. By uniqueness (cf. [7]) and the choice of T1 given by
(4.2), the mixed initial-boundary value problem (1.1), (4.26) and (4.16) [resp. (4.19)] has a unique C2
solution on the domain
{(t, x)|0 t2T1x, 0x 12 }. (4.27)
[resp.{(t, x)|0 t2T1(1 − x), 12x1}]
Then
u(t, x) ≡ u(1)(t, x) (4.28)
on these domains and, in particular, on the interval 0x1 on the x-axis. Hence, noting (1.8), we get
immediately (4.24). In a similar manner we obtain (4.25).
Thus, u = u(t, x) satisﬁes all the requirements of Lemma 3. 
5. Remarks
5.1. If in the boundary conditions (1.5.2)–(1.5.4) on x = 0 and the boundary conditions (1.6.2)–(1.6.4)
on x = 1, ux is replaced by K(u, ux), the conclusions of Theorems 1 and 2 are still valid, provided that
(1.12) is replaced by
¯ = √Kv(0, 0). (5.1)
5.2.The method presented in this paper works also for some kinds of second-order quasilinear hyperbolic
systems and higher-order hyperbolic equations (Yu Lixin).
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